It is shown that the description of a relativistic fluid at local thermodynamic equilibrium depends on the particular quantum stress-energy tensor operator chosen, e.g. the canonical or symmetrized Belinfante stress-energy tensor. We argue that the Belinfante tensor is not appropriate to describe a relativistic fluid whose macroscopic polarization relaxes slowly to thermodynamic equilibrium and that a spin tensor, like the canonical spin tensor, is required. As a consequence, the description of a polarized relativistic fluid involves an extension of relativistic hydrodynamics including a new antisymmetric rank-two tensor as dynamical field. We show that the canonical and Belinfante tensors lead to different predictions for measurable quantities such as spectrum and polarization of particles produced in relativistic heavy-ion collisions.
I. INTRODUCTION
The measurement of a finite global polarization of particles in relativistic heavy-ion collisions [1] , in agreement with the predictions of relativistic hydrodynamics [2, 3] (see also [4] [5] [6] [7] [8] [9] [10] [11] ), has opened a new perspective in the phenomenology of these collisions as well as in the theory of relativistic matter, showing for the first time a direct manifestation of quantum features in this realm. While a formula relating mean polarization with thermal vorticity (see Sec. III) at local thermodynamic equilibrium was obtained in Ref. [12] , based on an educated ansatz, an exact formula is still missing even at global thermodynamic equilibrium with rotation. Meanwhile, the experiments have proved to be able to probe polarization differentially in momentum space [13, 14] and, from the theory standpoint, the issue has been raised [15] about the relevance of the spin tensor in the description of a relativistic fluid.
Indeed, the problem of the physical significance of the spin tensor -mostly in relativistic gravitational theories, notably in the Einstein-Cartan theory -is a long-standing one [16] and has been rediscussed more recently in Refs. [17, 18] , where it was demonstrated that well known thermodynamic formulae for transport coefficients such as viscosity do depend on the presence of a spin tensor. However, up to now, its relevance for the polarization measured in relativistic heavy-ion collisions has not been discussed in detail, even though it was used to derive the polarization formula in Ref. [12] . It is one of the main goals of this paper to present and fully explore this theoretical issue in detail.
Our conclusion is that for a general relativistic fluid the spin tensor is significant, if spin density "slowly" relaxes towards equilibrium, where slowly means on a time scale which is comparable to the familiar hydrodynamic time scale of evolution of charge and momentum density. In this case, we will see that the description of the polarization of particles and the calculation of its final value requires a new thermodynamic potential, akin to chemical potential or temperature, coupled to the spin tensor. Accordingly, relativistic hydrodynamics should be extended to include the spin tensor among the evolved densities.
The paper is organized as follows: In Sec. II we define the spin tensor and its close relationship with the stressenergy tensor. Section III describes the local thermodynamic equilibrium density operator and its dependence on the pseudo-gauge transformations of the stress-energy and spin tensors. In Sec. IV we discuss the physics of different local thermodynamic equilibria, while in Sec. V we consider consequences of using a spin tensor for measurable quantities such as spectra and polarization. We summarize and conclude in Sec. VI.
Notation: In this paper we adopt the natural units, with = c = k B = 1. The Minkowskian metric tensor is diag(1, −1, −1, −1); for the Levi-Civita symbol we use the convention ε 0123 = 1. We use the relativistic notation with repeated indices assumed to be saturated. Operators in Hilbert space are denoted by an upper hat, e.g., ψ.
II. PSEUDO-GAUGE TRANSFORMATIONS
In relativistic quantum field theory in flat space-time, according to Noether's theorem, for each continuous symmetry of the action there is a corresponding conserved current. The currents associated with the translational symmetry and the Lorentz symmetry 1 are the so-called canonical stress-energy tensor and the canonical angular momentum tensor:
Here L is the lagrangian density, while S C reads
with D being the irreducible representation matrix of the Lorentz group pertaining to the field. Expressed in general coordinates, the above tensors fulfill the following equations:
It turns out, however, that the stress-energy and angular momentum tensors are not uniquely defined. Different pairs can be generated either by just changing the lagrangian density or, more generally, by means of the so-called pseudo-gauge transformations [16] :
where Φ is a rank three tensor field antisymmetric in the last two indices (often called and henceforth referred to as superpotential). In Minkowski space-time, the newly defined tensors preserve the total energy, momentum, and angular momentum (herein expressed in Cartesian coordinates):
as well as the conservation equations (4) 2 . A special pseudo-gauge transformation is the one where one starts with the canonical definitions and the superpotential is the spin tensor itself, that is, Φ = S. In this case, the new spin tensor S ′ = 0 and the new stress-energy tensor is the so-called Belinfante stress-energy tensor T B ,
III. LOCAL EQUILIBRIUM DENSITY OPERATOR
The density operator describing local thermodynamic equilibrium in quantum field theory and its derivation has been described in detail elsewhere [19] . The local thermodynamic equilibrium density operator is obtained by maximizing the entropy S = −tr( ρ log ρ) with the constraints of fixed densities of conserved currents over some space-like hypersurface Σ, a covariant generalization of a hyperplane in special relativity. The projections of the stress-energy tensor and charge current onto the normalized vector perpendicular to Σ must be equal to the actual ones:
In addition to the energy, momentum, and charge conservation, one should include the angular momentum density amongst the constraints in Eq. (8), namely:
However, it is clear that if we have Belinfante's stress-energy tensor T B with associated vanishing spin tensor, equation (9) is redundant, since the angular momentum density constraint is implied in (8) . Hence, Eq. (8) remains the only relevant condition. The resulting operator reads
where β and ζ are the relevant Lagrange multiplier functions for this problem, whose meaning is the four-temperature vector and the ratio between local chemical potential and temperature, respectively [19] . We note that the operator (10) is not the actual density operator, because it is not generally stationary as required in the Heisenberg picture. In fact, the true density operator for a system in local thermodynamic equilibrium coincides with that given by Eq. (10) at the initial time τ 0 , that is, with Σ ≡ Σ(τ 0 ),
Provided that fluxes at some timelike boundary vanish, it is possible to rewrite the actual density operator ρ by using Gauss' theorem [19] ,
where the first term is the local thermodynamic equilibrium term at time τ and Θ denotes the space-time region encompassed by the space-like hypersurfaces Σ(τ ), Σ(τ 0 ), and the time-like boundaries. Formula (12) is the essence of Zubarev's formalism [20] [21] [22] and it nicely separates the non-dissipative part (the first term in the exponent) from the dissipative one (the second term) 3 . The operator (12) becomes stationary, that is independent of the hypersurface Σ, when the four-temperature is a Killing vector field and the ratio between chemical potential and temperature is constant:
The first equation above follows from the fact that Belinfante's energy-momentum tensor is symmetric. In a flat spacetime, it implies that the second order gradients of β vanish and β itself is given by the expression
where b is a constant vector and ̟ is an antisymmetric tensor with constant coefficients. The conditions (13) define global thermodynamic equilibrium. One can also check that the (redundant) inclusion of the conservation of angular momentum (9) in Belinfante's case (where it is reduced to the conservation of the orbital part only) does not change the form of global equilibrium, as this leads to a change of the tensor ̟ νλ which remains constant. One can now use the pseudo-gauge transformations of Sec. II to rewrite the local thermodynamic equilibrium density operator as a function of, e.g., canonical tensors. Using Eq. (7), we find:
We now work out the integral involving the spin tensor. Integrating by parts we obtain
The first term is a divergence of an antisymmetric tensor (with respect to the λ ↔ µ exchange), so it can be turned into a boundary integral,
which vanishes for suitable boundary conditions imposed on β and/or S. The second term, on the other hand, can be rewritten as
by taking advantage of the antisymmetry of the last two indices. In this way, we finally obtain
where
is the thermal vorticity, compare Eq. (14), and
is the symmetric part of the gradient of the four-temperature vector 4 . The conclusion we can draw from Eq. (19) is apparent. If we had used the canonical stress-energy tensor instead of Belinfante's form, enforcing only the constraints (8) with T C replacing T B to maximize the entropy, we would have obtained a formally analogous expression for the local thermodynamic equilibrium density operator, i.e., Eq. (10) with T B replaced by T C . However, as shown above, the new local thermodynamic equilibrium operator would have not been the same as that given by Eq. (19) . Therefore, in general, there is no equivalence of description of local thermodynamic equilibrium with different sets of tensors. This conclusion is not surprising after all because densities rather than integrated quantities are fixed by the constraints in local thermodynamic equilibrium and densities do depend on the pseudo-gauge choice (5): the concept of local thermodynamic equilibrium is not pseudo-gauge independent.
One may wonder, however, if the use of canonical tensors simply requires the inclusion of Eq. (9) besides Eq. (8). In fact, since Eq. (10) is equivalent to Eq. (19) , by inclusion of the spin tensor within the canonical approach, one can indeed obtain the same ρ LE for the canonical and Belinfante's schemes. This issue will be discussed in greater detail in the next section. Nevertheless, at global thermodynamic equilibrium, the equivalence is fully restored: the tensor (21) vanishes according to (13) , the four-temperature vector is given by (14) , ̟ is constant and the density operator becomes:
where P µ and J µν are given by Eq. (6) and Q is the total charge defined as
The form (23), depending on the generators, is manifestly invariant under any pseudo-gauge transformation.
4 It is worth noting that for the free Dirac field, the canonical spin tensor has the form
which is completely antisymmetric, the term proportional to ξ in Eq. (19) vanishes.
IV. LOCAL THERMODYNAMIC EQUILIBRIUM WITH SPIN TENSOR AND SPIN HYDRODYNAMICS
As it has been mentioned at the end of the previous section, it seems compelling to include angular momentum density amongst the constraints defining local thermodynamic equilibrium, see Eq. (9), in case one starts from the canonical set of tensors or any other set linked to the canonical set by a pseudo-gauge transformation. Indeed, as the orbital part of J in Eq. (9) is already taken into account in the energy-momentum density constraints, the only effective additional equation is
For the above to be actually an independent constraint, the introduction of an antisymmetric tensor field Ω λν is necessary. Below it is dubbed a spin tensor potential or shortly a spin potential 5 . In analogy with the chemical potential, the components of Ω play a role of Lagrange multipliers coupled to the spin tensor. Including Eq. (25) in the construction of local equilibrium yields the form
One can now seek for the conditions required for the density operator to be stationary, i.e., for global thermodynamic equilibrium. By requiring that the integrand has zero divergence, one always retrieves the condition (13), i.e., β ought to be a Killing vector and ζ to be a constant. Furthermore, if Ω = ̟, the form of the density operator (23) depending on integral generators is also recovered 6 . If we now carry out a pseudo-gauge transformation with Φ = S in Eq. (5) to eliminate the spin tensor and recover Belinfante's stress-energy tensor (by Belinfante's tensors we now understand those obtained by pseudo-gauge transformation with Φ = S from any original tensors T µν and S µ,λν ), by means of a derivation analogous to that presented in the previous section, one obtains
where ̟ is the thermal vorticity. Hence, the local thermodynamic equilibrium operators (26) and (27) are equivalent to that built directly from Belinfante's tensor, see Eq. (10), only if the tensor Ω always coincides with thermal vorticity and if the term involving the symmetric combination in λ ↔ ν of the spin tensor vanishes. The last conclusion could have been drawn already from the comparison of Eqs. (10) and (19) -for the case where "unprimed" tensors correspond to the canonical ones. However, by comparing (10) with (27) we find additional insights: if Ω, the thermodynamic conjugate variable of spin, differs from the thermal vorticity, the canonical and Belinfante's schemes yield different ρ LE . The same conclusion can be reached for a more general pseudo-gauge transformation (5). The formal invariance of the operator (26) holds only if Ω ′ = Ω = ̟, where Ω ′ is the spin potential for the new spin tensor S ′ , and if the term proportional to ξ vanishes.
A. Discussion
It is now time to pause and reflect about the physical interpretation of the discussed formalism. The notion of local thermodynamic equilibrium requires the existence of two separate space-time scales: a microscopic one over which information is not accessible and a macroscopic one which is used to observe system's evolution towards global 5 In Ref. [15] , where a hydrodynamic model of particles with spin 1/2 was proposed, this quantity was denoted as ω λν and dubbed the spin-polarization tensor. 6 We note that the requirement of vanishing divergence, that is, stationarity in Eq. (26) , may imply additional forms of global equilibrium
with Ω = ̟. The appearance of these solutions depends on the symmetry features of the stress-energy and spin tensors. In particular, if the stress-energy tensor is symmetric, T µν = T νµ , and yet the spin tensor does not vanish, the spin potential can be constant and independent of ̟ or even can be non-constant, provided that it fulfills the contraction (∂µΩ λν ) S µ,λν = 0. The reason for the appearance of such solutions is that if T is symmetric and S = 0 then ∂µ S µ,λν = 0, hence, there exists an additional conserved charge -the integral of the spin tensor.
FIG. 1: (Color online) a) a macroscopic fluid at rest with polarized particles (black arrows) and antiparticles (red arrows)
. This situation, even if metastable, requires a spin tensor to be described, b) if the spin tensor vanishes, the fluid must be rotating (non-vanishing thermal vorticity) to have polarized particles and antiparticles in the same direction.
equilibrium. It is understood in the choice of the operator (26) that the spin density appears among densities which "slowly" evolve towards global equilibrium, just like a conserved charge density or energy density. The dissipative, entropy-increasing processes must drive the system to global equilibrium, hence (at least for systems with nonsymmetric stress-energy tensor) the spin potential Ω should converge to the thermal vorticity (see [24] for a similar discussion). Yet, this process may be slow enough so that the spin relaxation takes place on the same time scale as the typical dissipative hydrodynamic process. In this case, spin density can be thought as hydrodynamically relevant, and the spin potential would be a relevant hydrodynamic field. Conversely, if the density operator were chosen to be (10) , this would imply that the spin relaxation time is microscopically small and the value of the spin potential agrees with thermal vorticity. The two situations described above can be effectively rephrased in a kinetic picture with colliding particles: in the first case, we would say that the spin-orbit coupling of the particles is much weaker than other processes responsible, for example, for local equilibration of their momentum. In the second case, the spin-orbit coupling would be as strong as any other coupling so that the spin degrees of freedom locally equilibrate within the same time scale as momentum.
For the purpose of illustration of the facts described above, one can envisage a fluid temporarily at rest with a constant temperature T , hence β = (1/T )(1, 0), wherein both particles and antiparticles are polarized in the same direction (see Fig. 1 ). Such a situation cannot be described as local thermodynamic equilibrium by the density operator (10) because the only way to have particles and antiparticles polarized in this case is through a non-vanishing thermal vorticity [12] which vanishes if β is constant. In fact, if we only had Belinfante's stress-energy tensor at our disposal and were able to force the system to be in such an initial configuration, we could describe it only after a microscopic time scale, when a rotating configuration is established, with ̟ = 0. Conversely, with the density operator (26) such a metastable situation, evolving in time, can be described by a non-vanishing spin potential even though thermal vorticity is vanishing.
This situation is reminiscent of the Einstein-De Haas effect: angular momentum conservation induces a rotation of the body because of the polarization brought about by a magnetic field. Yet, there is an important difference: even though the rotation occurred on a "long" time scale, for the Einstein-De Haas effect to be described there is no need of a spin tensor nor of a spin potential, because of the absence of antimatter: the magnetization tensor M µν (which, for the Dirac field, is proportional to i ψ[γ µ , γ ν ] ψ) as a macroscopic density and the magnetic field as thermodynamic conjugate variable would suffice. Only when antimatter is involved, that is in a quantum relativistic field theory, do the spin tensor and the spin potential become necessary to describe a slow equilibration process of the polarization. In the limiting case of a completely neutral fluid at rest, with the same number of particles and antiparticles, the magnetization tensor would be zero and yet a metastable state with particles and antiparticles can exist. Mathematically, this is reflected in the linear independence of spin tensor (which is the dual of the axial current) and magnetization tensor in the Dirac theory.
B. Relativistic hydrodynamics with spin tensor
If we are then to describe a relativistic fluid where polarized configurations are not governed only by thermal vorticity, one has to introduce a spin potential tensor Ω among the conjugate thermodynamic fields, besides β and ζ (the first steps in this direction have been done in Refs. [15, 25, 26] ). In the associated relativistic hydrodynamics, its 6 independent components have to be determined from the solutions of the 6 additional partial differential equations
which appear besides the familiar ones, describing the continuity of stress-energy tensor and current. Of course, one needs the constitutive equations of the spin tensor, the stress-energy tensor, and the current in terms of Ω to be able to solve all hydrodynamic equations, i.e., the relations:
These constitutive relations will be dictated by local equilibrium in the lowest order approximations, that is by using the quantum operators and calculating their mean values with (26) .
V. POLARIZATION IN RELATIVISTIC HEAVY ION COLLISIONS
Does the introduction of a spin tensor in a fluid have any measurable consequence? This is an intriguing question with possible far-reaching consequences. Even though the hydrodynamic model has become one of the most useful tools for modeling of heavy-ion collisions, it should be stressed that neither the stress-energy tensor nor any other density in space and time can be directly measured or accessed. The actual measurements, like in any high-energy physics experiment, involve momentum and polarization of asymptotic particle states; the hydrodynamic model is just an intermediary between some initial state and the final particle spectra. In fact, strictly speaking, even in astrophysics one can only measure the radiation emitted by the plasmas and not the densities themselves.
In fact, measurable quantities in these experiments can be generally expressed as expectation values of some number of creation and destruction operators of asymptotic states, specifically, of final hadrons in the case of relativistic heavyion collisions. For instance, the single-particle polarization matrix of a particle with momentum p reads
where ρ is the actual density operator. From the above matrix, well known quantities such as the mean spin vector, the alignment, etc. can be calculated, including the momentum spectrum itself by just taking the trace. Equation (30) makes it apparent that -if any -the dependence of measured particle spin and momenta on hydrodynamics with spin tensor is encoded in the density operator. It has been discussed in Sec. III, that the actual density operator is the initial local thermodynamic equilibrium obtained from Eq. (11), which includes dissipative effects, as it is clear from Eq. (12). The form (11) is hardly fit to calculate quantities like (30) because field operators are to be evaluated at the initial time τ 0 while the creation and destruction operators are those of asymptotic states. In particular, for relativistic heavy-ion collisions, the operators at the initial time are those of the quark-gluon fields while the creation and destruction operators are those of final hadrons. Thus, it is necessary to make use of the form (12) involving the effective fields at the final time τ , where the effective fields are the hadronic ones, to carry out the calculation of Eq. (30). Nevertheless, the effect of pseudo-gauge transformations on the actual density operator, written in any of its equivalent forms, can be assessed by studying its effect on the initial-time form (the latter is more convenient to use because of its compactness).
In a hydrodynamic approach based on Belinfante's scheme, the actual density operator would be precisely given by (11) , while in a canonical-based hydrodynamics with relevant spin densities it would read
Equation (31) can be transformed in the same way as in the previous section and turned into an expression like Eq. (27), namely
Therefore, for any measurable quantity X, there would be a difference between the mean values calculated with the density operators (11) and (32). Defining:
and
one has
where the right-hand side is the leading term in the linear response theory. If S C is the canonical spin tensor of the Dirac field, the term in ξ vanishes because S C is a completely antisymmetric tensor and, hence, the difference in the theoretical value depends on the correlator between X and B, that is the integral of the spin tensor weighted by the difference between spin potential and thermal vorticity. The evaluation of (35) is not an easy task but it can be envisaged that this difference will be a quantum effect and a tiny one for most observables which mostly depend on the β field, namely velocity and temperature field, such as the momentum spectra. In fact, the difference could be significant for observables which depend linearly on the thermal vorticity, such as polarization.
VI. CONCLUSIONS
In summary, we have shown that the non-equilibrium or local-equilibrium thermodynamics is sensitive to the pseudogauge transformation of the stress-energy and spin tensors in quantum field theory. This conclusion is a considerable extension of previous arguments [17, 18] , as we have shown here that pseudo-gauge transformations quantitatively affect theoretical values of measurable quantities in high-energy physics experiments, especially polarization of final particles created in relativistic heavy-ion collisions.
The inequivalence of different stress-energy tensors arises most clearly in the description of a completely neutral fluid at rest with finite polarization of both particles and antiparticles -this corresponds to a metastable local equilibrium state that has a finite value of some spin tensor and zero (thermal) vorticity. If the stress-energy tensor used is Belinfante's symmetrized one, finite polarization should always be accompanied by a macroscopic rotation.
This psuedo-gauge inequivalence has a hydrodynamic counterpart. Hydrodynamics of metastable polarized neutral fluids requires a rank two spin potential tensor Ω µν as conjugate thermodynamic field to the spin tensor. This addition of course complicates the standard hydrodynamic equations to be solved.
Finally, it should be pointed out that the question remains how to determine the "right" spin tensor among all possible ones. Indeed, the canonical spin tensor obtained from Eq. (3) is one particular option; other spin tensors can be obtained by applying a pseudo-gauge transformation and they will not yield the same local thermodynamic equilibrium operator, according to the discussion in Sect. IV following Eq. (27). Apparently, the issue cannot be settled theoretically, but experimentally comparing measured quantities to the different predictions.
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